Abstract. This paper studies Dehn surgery on a large class of links, called arborescent links. It will be shown that if an arborescent link L is su ciently complicated, in the sense that it is composed of at least 4 rational tangles T (p i =q i ) with all q i > 2, and none of its length 2 tangles are of the form T (1=2q 1 ; 1=2q 2 ), then all complete surgeries on L produce Haken manifolds.
Introduction
In Dehn surgery theory, we would like to know what 3-manifolds are produced through certain surgeries on certain knots or links. More explicitly, we want to know how many surgeries yield Haken, hyperbolic, or laminar manifolds, and how many of them are \exceptional", meaning that the resulting manifolds are reducible, or have cyclic or nite fundamental group, or are small Seifert bered spaces. There have been many results on these problems for surgery on knots. See Gor] and Ga] for surveys and frontier problems.
These results, however, are not ready to be generalized to surgery on links of multiple components. The major di culty is that surgery on one component of the link may change the property of the other components. An exception is Thurston's hyperbolic surgery theorem Th] , which says that if L is a hyperbolic link, then except for nitely many slopes on each component of L, all other surgeries are hyperbolic. Another interesting result is Scharlemann's simultaneous crossing change theorem, see Sch] .
There has been extensive study about surgery on a large class of knots called arborescent knots, also known as Conway's algebraic knots Co, BS] , which include all Montesinos knots. The name \arborescent links" is rst used by Gabai Ga2]. A knot or link is arborescent if it can be built by summing rational tangles together. See Section 1 for more detailed de nitions. In Oe] Oertel showed that surgeries on Montesinos knots of length 4 produce Haken manifolds. In De1,De2] Delman showed that surgeries on all non-torus 2-bridge knots and most Montesinos knots are laminar, that is, they contain essential laminations. See GO] for the de nition 1991 Mathematics Subject Classi cation. Primary 57N10; Secondary 57M25, 57M50. c 1997 American Mathematical Society and basic properties of laminar manifolds. In Wu2] it was shown that if K is a non-Montesinos arborescent knot, then all surgeries are laminar. Moreover, in most cases the surgeries are Haken and hyperbolic. Also, surgeries on 2-bridge knots have been classi ed BW] , according to whether the resulting manifold is toroidal, Seifert bered, or \hyperbolike" in the sense that it would be hyperbolic if the hyperbolization conjecture is true. These results provide satisfactory understanding of surgery on all arborescent knots, except certain Montesinos knots of length 3. In particular, all arborescent knots have Strong Property P Wu2], that is, manifolds obtained by surgery on such knots do not contain a fake 3-ball.
Let L = l 1 : : : l n be a link of n components; let = 1 : : : n , where i is a slope on @N(l i ). We use L( ) to denote the manifold obtained by surgery on L.
More precisely, L( ) is obtained by gluing n solid tori V 1 ; : : : ; V n to S 3 ? IntN(L) along their boundary so that each i bounds a meridional disk in V i . If some i is a meridian of l i , then L( ) is the same as a surgery on a sub-link. We say that the surgery is a complete surgery if all i are non-meridional slopes.
In Oe] Oertel studied closed incompressible surfaces in the exteriors of Montesinos links L. He also showed that if L is a knot with length 4 and is composed of rational tangles T(p i =q i ) with q i 3, then nontrivial Dehn surgeries on L always produce Haken manifolds. Note, however, that this is not true in general if L is a Montesinos link, as demonstrated in Remark 0.1(b) below. We need an extra condition. The following is one of the main theorems of the paper. It says that if we further require that none of the length 2 tangles of L is of the form T(1=2q 1 ; 1=2q 2 ), then all complete surgeries on L are Haken, and this is true even if L is an arborescent link. One is referred to section 1 for de nitions of algebraic tangles, arborescent links, and their length.
Theorem 3.4. Let L = k 1 : : : k n be an arborescent link of length 4, so that
(1) L is composed of rational tangles T(p i =q i ) with q i > 2, and (2) no length 2 tangle of L is a Montesinos tangle of the form T(1=2q 1 ; 1=2q 2 ) for some integers q 1 ; q 2 . Then all complete surgeries on L produce Haken manifolds. It is easy to see that L is an arborescent link of two components. Surgery on k 1 with coe cient +1 yields S 3 , in which k 2 is a trivial knot, so all surgeries on k 2 yields non-Haken manifolds. The example can be modi ed so that the length of L is arbitrarily large. It shows that condition (1) in the theorem is necessary. For another example one can take K to be a knot which is the union of two tangles T(1=2; p 1 =q 1 ) and T(1=2; p 2 =q 2 ). By choosing p i =q i properly K will satisfy condition (2) of the theorem, but it has been shown in Wu2] that most integral surgeries on K are non-Haken.
(b) Consider the Montesinos link L = L(1=2n 1 ; : : : ; 1=2n k ). There is a nonseparating planar surface P in S 3 with one boundary component on each component of L. Thus surgery along the boundary slope of P yields a reducible manifold.
Therefore condition (2) in the theorem is necessary. However (2) can be removed if L has only two components.
Theorem 4.2. Suppose L = l 1 l 2 is an arborescent link of two components.
If L has length at least 4, and none of the rational tangles used to build L is a (1=2)-tangle, then all complete surgeries on L produce Haken manifolds.
In section 5 we study surgeries on 2-bridge links. Since there are no closed essential surfaces in the complement of such links, most surgeries are non-Haken Fl]. However, the following theorem shows that, like in the case of 2-bridge knots, surgeries on most 2-bridge links are laminar.
Theorem 5.1. A non-torus 2-bridge link L = L(p=q) admits complete, nonlaminar surgeries if and only if p=q = 1=(r ? 1=s) for some odd integers r and s.
This generalizes Delman's result about surgery on 2-bridge knots De1]. The theorem is proved by applying Delman's construction of essential branched surfaces to certain \allowable paths" in the minimal diagram associated to p=q. It completely determines which 2-bridge link complements contain persistent laminations.
The paper is organized as follows. In Section 1 we give some de nitions, and a few easy lemmas. Section 2 is to study Dehn surgeries on a closed circle component of a tangle. The following result should be of independent interest. Theorem 2.7. Let T = T(r=2s; p=2q) = (B; t 1 t 2 K) be a tangle such that s > 1, and p 6 1 mod 2q. Let K be the closed component of T, and let M = B ? IntN(t 1 t 2 ). Then @M is incompressible in (M; K; ) for all 6 = m, where m is the meridional slope of K. This is used in Sections 3 and 4 to prove Theorems 3.4 and 4.2. Section 5 is to study essential laminations and surgery on 2-bridge links, and prove Theorem 5.1.
Preliminaries
All 3-manifolds in this paper are assumed orientable and compact. We refer the reader to He] for basic concepts about 3-manifolds. If X is a subset of a 3-manifold M, we use N(X) to denote a regular neighborhood of X, and use jXj to denote the number of components in X.
For our purpose, we de ne a tangle to be a pair (B; T), where B is a 3-ball, and T is a properly embedded 1-manifold, containing two strings t 1 ; t 2 and some circles.
We use E(T) to denote the tangle space B ?IntN(T). If T is properly isotopic to a pair of arcs on @B then (B; T) is called a trivial tangle. A rational tangle is a triple (B; T; D), where (B; T) is a trivial tangle, and D is a disk on @B containing two ends of T. We assign a rational number or 1 to the tangle as follows. Let F be a torus which double branch covers @B with branch set @T. Let Recall that a manifold M is @-irreducible if its boundary is incompressible. The main result of this section is Theorem 2.7, which solves this problem for Montesinos tangles of length 2. The result will be used in the next section to prove Theorem 3.4.
We use m to denote a meridian of the knot K.
Lemma 2.1. Let F be a compressible surface on the boundary of a 3-manifold M, let K be a knot in M. If By an isotopy of C we may assume that C \ P i consists of essential arcs. Each component j of C \ Q is a copy of \ Q, so it is an arc of slope ?r=2q on @E(T), as shown in Figure 2 .1(b), where ?r=2q = 3=8. Since 1 < ?r < 2q ? 1, j \ P i has some arcs connecting e 1 to e 2 and some arcs connecting e 3 e 4 to each of e 1 and e 2 . Therefore, for each i, and each pair of boundaries @ j ; @ k of @P i , there are arcs of C \ P i connecting @ j to @ k . It follows from Lemma 2.2 that @E(T) ? C is incompressible.
Lemma 2.5. Let P; Q; A, and T(p=2q) be as in Lemma 2.4.
(1) If q 6 = 0, then P and @E(T) ? P are incompressible.
(2) If p 6 = 1 mod 2q, there is no compressing disk of @E(T) intersecting P at just one arc.
Proof.
(1) Assuming the contrary, let be a compressing disk of P in E(T P 2 cuts M into two pieces X and Y , where X = (B 1 IntN(t 1 )) N(t 0 2 ), and Y = B 2 ? IntN(t 0 2 t 2 ) = E(T 2 ). By the argument in the proof of Lemma 2.6, we see that when (m; ) = 1, (X; K; ) = E(T 1 ), with P 2 on @X identi ed to P 1 on @E(T 1 ). Hence, (M; K; ) = (X; K; ) P2 Y = E(T 1 ) P E(T 2 ), where P is identi ed to P i on @E(T i ). By Lemma 2.5, P is incompressible in (M; K; ), and if r 6 1 mod 2s, then P is also @-incompressible in (M; K; ), so P is an essential surface in (M; K; ). By a standard innermost circle { outermost arc argument, one can show that @M is incompressible in (M; K; ) in this case. Now we may assume without loss of generality that r = In this section we will prove Theorem 3.4, which says that if L is an arborescent link composed of algebraic tangles satisfying certain conditions, then all surgeries on L are Haken. The main di culty in dealing with surgery on links is that surgery on di erent components of L will interact each other. The idea here in proving Theorem 3.4 is to nd a branched surface in the link complement, cutting the link complement into simpler pieces, so that we can deal with each piece separately.
Given a branched surface F in a 3-manifold M, we use E(F) to denote the exterior of F, i.e. E(F) = M ?IntN(F). We refer the reader to GO] for de nitions of essential laminations, essential branched surfaces, and related concepts such as horizontal and vertical surfaces. Recall that the vertical surfaces are annuli on @E(F). We call them cusps. De ne F = F 1 @E(T 2 ). Since F 1 \@E(T 2 ) is a pair of pants P, there are three new branch loci @ 0 @ 1 @ 2 = @P. We smooth F so that the cusp at @ 0 = @D is inside of E(T 2 ), and the cusps on @ 1 and @ 2 are outside of both E(T 1 ) and E(T 2 ), so they are in N(T), see In case (i) M is of one of the types in the lemma by induction. In case (ii) M is of type (c). In case (iii) M is of type (e), where the two meridional cusps are the cusps at @ 1 and @ 2 in the above construction. Note that (iii) happens only if both T i has a string with both ends on D. It is also easy to see that an outer component of B ? IntN(F) is a neighborhood of a string of T. Therefore (*) holds for F. In the later case it is an N(K i ) for some component K i of L, with at least two meridional cusps on its boundary, so it is of type (e). Since each inner component of B i ? IntN(F i ) is of one of the types listed in the lemma, the result follows. Lemma 3.2. Let F be a branched surface such that its branch loci are mutually disjoint simple closed curves, cutting F into an orientable surface S. Then Corollary 3.3. Let F 1 be a branched surface in a 3-manifold M. Let F be a two sided surface in F 1 having a collar N = F I in M such that F 1 \ (F I) = F 0 = F. Let F be a branched surface obtained by gluing a surface G to F 1 so that G \ N = @G I. If F 1 fully carries a lamination, so does F. Proof. We can split N(F) along F into N(F 1 ) and N(F 2 ), where F 2 is a branched surface homeomorphic to F G. By assumption and Lemma 3.2, each N(F i ) fully carries a lamination i . Thus = 1 2 is a lamination fully carried by F. Theorem 3.4. Let L = k 1 : : : k n be an arborescent link of length 4, so that (1) L is composed of rational tangles T(p i =q i ) with q i > 2, and (2) no length 2 tangle of L is of the form T(1=2q 1 ; 1=2q 2 ) for some integers q 1 ; q 2 . Then all complete surgeries on L produce Haken manifolds.
Proof. Let W be a manifold obtained from S 3 by a complete surgery on L. Let F be the branched surface constructed in Lemma 3.1. We want to show that F is an essential branched surface in W. By GO] In case (e), M = N(k i ) for some component k i of L, and @M has at least two meridional cusps. After surgery on k i , M remains a solid torus, but the cusps becomes non-meridional. Since there are at least two cusps, @ h F \ @M is incompressible and has no monogons after surgery.
In summary, (ii) and (iii) hold for all components of W ? IntN(F) . It remains to show that F fully carries a lamination . We follow the steps in the construction of F in Lemma 3.1.
In Case 1, F is a surface. We can simply take to be F @I in N(F) = F I. In Case 2, F = F 1 @E(T 2 ) = F 1 G, where G is the closed up surface of @E(T 2 ) ? F 1 . Let F be the surface @E(T 1 ) in F 1 . Then F 1 , F and G satisfy the conditions of Corollary 3.3, so by that corollary and induction, F fully carries a lamination.
In Case 3, F = F 1 F 2 A. Let S i be the surface @E(T i ) on F i . Then N(F) can be split into three pieces homeomorphic to N(F 1 ), N(F 2 ), and N(S 1 S 2 A), respectively. By induction N(F i ) fully carries a lamination i . By Lemma 3.2 N(S 1 S 2 A) also fully carries a lamination 3 . Thus = 1 2 3 is a lamination fully carried by N(F).
In Proof. Let X i = B i ? IntN(t i t 0 i ) be the exterior of the tangle (B i ; t i t 0 i ). Let W be a regular neighborhood of D K. The frontier of W consists of two oncepunctured tori, denoted by Q 1 and Q 2 . They cut B into three pieces. One of them is W. The other two are homeomorphic to X 1 and X 2 , and will still be denoted by X 1 and X 2 respectively. Up to relabeling we may assume that Q i = X i \W. Since each (B i ; t i t 0 i ; D) a nontrivial algebraic tangle, Q i is incompressible in E(T i ). Let W( ) denote that manifold obtained from W by Dehn surgery on K along the slope . We can consider W as the union of N(K) and P I along two annuli A 1 A 2 , where P = D ? IntN(K) is a twice punctured disk. After surgery, the solid torus V = N(K) becomes a new solid torus V ( ), on which A i becomes nonmeridional annuli. By a standard innermost circle outermost arc argument one can show that W( ) = (P I) A1 A2 V ( ) is irreducible, and Q i is incompressible in W( ). Since M( ) = X 1 Q1 W( ) Q2 X 2 , we see that M( ) is irreducible. Now suppose F = @M ?m 1 m 2 is compressible in M( ), with a compressing disk. Let F i = F \@X i , i = 1; 2, and let A be the annulus F \W. Since (B i ; t i t 0 i ) are nontrivial algebraic tangles, F i are incompressible in X i . Also, A is incompressible, because it is an annulus with boundary the same as the incompressible surface Q = Q 1 Q 2 . Therefore, \ Q 6 = ;. By minimizing j \ Qj we may assume that \Q has no circle components. An outermost arc of \Q on cuts o a disk 0 with @ 0 = c 1 c 2 , where c 1 is an arc on Q, and c 2 is an essential arc on one of the F 1 , F 2 and A. The arc c 2 can not be on A, because @c 2 = @c 1 must be on the same boundary component of A, but there is no such essential arc on an annulus. If c 2 lies on F i , then (B i ; t i t 0 i ) would be a T(1=2) by Lemma 4.1 of Wu], contradicting our assumption. Therefore, F is incompressible in M( ).
Remark. If (B; t 1 t 2 K) = T(1=2; 1=2n) then @M ? m 1 m 2 is compressible in M( ) for some 6 = m. Theorem 4.2. Suppose L = l 1 l 2 is an arborescent link of two components.
If L has length at least 4, and none of the rational tangles used to build L is a (1=2)-tangle, then all complete surgeries on L produce Haken manifolds. Proof. Write (S 3 ; L) = (B 1 ; T 1 ) (B 2 ; T 2 ), where (B i ; T i ) are algebraic tangles of length 2. We separate the proof into two cases. essential after all complete surgeries on the link. In this section we study the problem of which 2-bridge link complement contains a persistent lamination. This has been done by Delman De1, De2] for all 2-bridge knots and most Montesinos knots. It has also been shown in Wu2] that all non-Montesinos arborescent knot complements contain persistent laminations. In this section we will solve this problem for 2-bridge links. (2) When ignoring the middle points of channels, intersects the interior of at most one edge of any given simplex; and (3) contains at least one channel.
Lemma 5.3. Let L = L(p=q) be a 2-bridge link of two components. If D(p=q) has an allowable path which contains at least two channels, then S 3 ? L has a persistent lamination.
Proof. Put (S 3 ; L) = (B 1 ; T(1=0)) (B 2 ; T(p=q)). Let S be the sphere B 1 \ B 2 . A con guration on S is a train track containing a circle around each point of L \ S, and two arcs of slope 1=0 joining the circles. The tangencies at the branch points determines the type of the con guration. See De2, Figure 3 .1] for the types of con gurations. The one in Figure 5 .2 was said to be in group I. One can check that with respect to this con guration, a channel by our de nition is also a channel in the sense of Delman. Thus given an allowable path in D(p=q), we can apply Delman's construction in De2] to obtain a branched surface F 0 in B 2 , such that F 0 \@B 2 is the con guration in Figure 5 . Note that a vertex on initial and terminal edges of F ai always has parity o=e or e=o. We use to indicate vertices with parity o=o.
If a i a i+1 < 0, there is a channel in F ai F ai+1 which starts and ends with boundary edges of D(p=q), see Figure 5 .4(a) for the channel in F 2 F ?2 . If a i a i+1 > 0 and a i > 2, there is a channel which starts with a boundary edge and ends with an interior edge, but its union with a boundary edge of D(p=q) is an allowable path, see Figure 5 .4(b) for the path in F 4 F 2 . We call i a channel index for a 1 ; : : : ; a n ] if either a i a i+1 < 0 or a i a i+1 > 4.
Claim. If there are two channel indices for a 1 ; : : : ; a n ], then D(p=q) has an allowable path from 1=0 to p=q with two channels.
The idea is to join the channels given above with some boundary edges to form the required path. But we have to be careful, for example, there are no such paths for 2; 4; 2]. (However, condition (*) above excludes this from the set of p=q we are considering.) We prove the claim case by case. Assume that i and j are channel indices, and i < j. CASE 1: Both a i a i+1 and a j a j+1 are negative. We may choose i and j to be the rst two such indices. Then a i > 0, and a j < 0. The channel for i starts with a bottom edge and ends with a top edge of D(p=q), while the channel for j starts with a top edge and ends with a bottom edge, so they can be connected by boundary edges of D(p=q) to become an allowable path. The proof is similar to that of Case 2. CASE 4. a i a i+1 > 4, and a j a j+1 > 4. By the above cases we may assume that all a k are positive. Since we have assumed that either a 1 > 2 or a 1 a 2 < 0, we may further assume that i = 1, and a 1 > 2. The channels in F ai F ai+1 and F aj F aj+1 starts and ends on bottom edges of D(p=q), so they can be joined by bottom edges of D(p=q) 
